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ABSTRACT
Nonlinear hydrodynamic effects are of growing interest for
ocean structures and vessels. This paper investigates one of the
most fundamental nonlinearities in ocean engineering: the wave
elevation at a fixed spatial location. Nonlinear ocean waves been
the subject of research for a number of years, but have not yet
entered common ocean engineering practice This is perhaps due
to the cumbersome need for time-domain simulation of secondorder waves, or to the lack of systematic comparison of these
models with observed data. This paper seeks to address both
these issues by (a) developing convenient analytic formulas for
the statistics of second-order random waves, and (b) comparing
predictions based on these formulas to data from wave tank tests
and field observations.
Water-depth dependent analytic formulas have been developed to predict the skewness and kurtosis (the third and fourth
moments, respectively) of nonlinear random waves as functions
of parameters that characterize a steady-state “seastate.” These
seastate parameters include the significant wave height and the
spectral peak period. Analytic formulas are also developed for
predicting the wave elevation and crest heights with specified return periods using the Hermite model. These formulations are
compared with second-order random wave simulations as confirmation of the analytic formulas.
The analytic formulas for skewness and kurtosis are compared with observed data to indicate the accuracy of the secondorder predictions. The analytic predictions of the elevations,
crest heights and wave heights are also compared to observed
data to study their accuracy. Finally, a comparison of the local

wave properties from second-order wave simulations to the wave
tank data is shown. These local wave properties include, for example, crest height given wave height, wave period given wave
height and crest period given wave height. These may be of interest in understanding “ringing” (high frequency response) of
tethered floating structures.

INTRODUCTION
Nonlinear hydrodynamic effects are of growing interest for
ocean structures and vessels. Here we study such effects in one
of the most fundamental nonlinearities in ocean engineering: the
wave elevation η t  at a fixed spatial location.
It is common practice to model η t  using linear wave theory, which results in a Gaussian model of η t  . This ignores
the marked asymmetry in the waves: wave crests that systematically exceed their neighboring troughs. This asymmetry increases with decreasing water depth. This asymmetry has several practical implications; for example, (1) asymmetric waves
are more likely to strike decks on offshore platforms, particularly
older Gulf-of-Mexico structures designed with fairly low decks;
and (2) unusually large dynamic structural responses have been
found in high, steep waves that may not follow linear wave theory.
Second-order random wave models are not new; indeed,
they have been a research topic for more than 30 years (e.g.,
Tick, 1959; Hasselmann, 1962; Longuet-Higgins, 1963; Sharma
& Dean, 1979; Hudspeth & Chen, 1979; Tayfun, 1980; Anastasiou et al., 1982; Huang et al., 1983; Langley, 1987; Winterstein
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et al., 1991) and remain so today (e.g., Marthinsen & Winterstein, 1992; Hu & Zhao, 1993; Vinje & Haver, 1994; Winterstein & Jha, 1995). However, they have not entered common offshore engineering practice, which applies either random linear
(Gaussian) waves, or regular waves that fail to preserve Sη  ω ,
the wave power spectrum.
Several drawbacks to second-order random waves may
be suggested: (1) convenient statistical analysis methods for
second-order models are often lacking; and (2) the accuracy of
second-order models may be questioned, for example due to their
neglect of still higher-order effects. We seek to address both concerns here. Regarding the first issue, we fit new analytical results
for wave moments, and establish moment-based estimates of the
probability distributions of wave elevation, crests, and heights.
The second issue, concerning accuracy of second-order models,
is addressed through comparison of theory with various wave
tank and ocean wave measurements.

In general, the functions Hmn and Hmn are known as quadratic
transfer functions (QTFs), evaluated at the frequency pair
 ωm  ωn  . Similar expressions arise in describing second-order
diffraction loads of floating structures [Jha et al., 1997]; in this
case the QTFs are calculated numerically from nonlinear diffraction analysis (e.g., WAMIT 4.0, 1995).
In predicting motions of floating structures, in view of the
relevant natural periods, interest commonly lies with either Hmn
(springing) or Hmn (slow-drift) but not both. For example, in the
case of the spar floating structure [Jha et al., 1997], the slow-drift
forces and hence the difference-frequency components generally
govern the global motions of the spar. In contrast, in the nonlinear wave problem both sum and difference frequency effects
play a potentially significant role. Fortunately, unlike QTF values for wave loads on floating structures, which must be found
numerically from diffraction analysis, closed-form expressions
are available for both the sum- and difference-frequency QTFs
for second-order waves (e.g., Langley, 1987; Marthinsen & Winterstein, 1992). Including the effect of a finite water depth d, for
example, the sum-frequency QTF can be written as

WAVE MODEL
Second-order Volterra models [Schetzen, 1980] have come
under increasing use for modeling non-Gaussian random processes in offshore engineering (e.g. Winterstein et al., 1994b;
SWIM 2.0, 1995; WAMIT 4.0, 1995). η  t  is accordingly modeled as the sum of a linear (Gaussian) process η1  t  plus a
second-order (non-Gaussian) correction, η2  t  , which is found
from a perturbation analysis:
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in which Re indicates the real part of a complex number, and
Ck  Ak exp  iθk  are the complex Fourier amplitudes, defined in
terms of Rayleigh distributed amplitudes Ak , and uniformly distributed phases θk . The Ck ’s are mutually independent of one
another. The mean-square value of Ak is
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(The overbars in these results denote the averaging or expected
value operation.) The mi j  Tp  are “response moment influence
coefficients,” the contribution to response moment (cumulant) i
j
due to terms of order O  η2  . In general these coefficients are
conveniently calculated from Kac-Siegert analysis (Eqns. 12–15,
Winterstein et al., 1994b; Ude et al., 1993). We assume here
the spectrum of η1  t  is of the form Hs2 Tp f  ωTP  , so that η1  t 
scales in amplitude with Hs and in time with Tp . Such is the

Based on Volterra theory, second-order corrections are induced at the sums and differences of all wave frequencies contained in η1  t  :
η2  t  Re

1

 ω2m 

in which the wave numbers kn are related to the frequencies ωn
by the linear dispersion relation ω2n  gkn tanh  kn d  . The corresponding difference-frequency transfer function, Hmn , is found
by replacing ωn by ωn and kn by kn .
Because η  t  is non-Gaussian, interest focuses on its skewness α3 and kurtosis α4 . In terms of the significant wave height
Hs  4ση , and peak spectral period Tp , these are predicted by a
second-order wave model to be of the form:
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For the second-order η  t  in Eqn. 1, the standard Fourier
sum for the linear part η1  t  is
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form, for example, of a JONSWAP spectrum with fixed value of
the peakedness parameter γ.
It is useful to define the unitless wave steepness S p  Hs  L p ,
in which the characteristic wave length L p  gTp2  2π uses the
linear dispersion relation. Note that S p is typically far less
than unity, and a perturbation analysis commonly retains only
leading-order terms in S p . For deep-water waves the coefficients
mi j  Tp  are proportional to L p j , and they remain nearly so for finite depths as well. Retaining the leading terms in S p from Eqns.
6–7:



α3

k3 S p ; α4  3  k4 α23

Cumulative Distribution Functions (CDFs) of wave elevations, wave crests and wave heights: These comparisons
will assess whether or not the second-order model is able
to predict these CDFs, over and above predicting the third
and fourth moments of the waves. Two distinct comparisons
will be made: (1) analytical models of the various CDFs
will be shown to accurately predict—and hence replace—
the need for full time-domain simulation of random secondorder waves; and (2) the resulting analytical models of the
various CDFs will be used to assess the ability of secondorder wave theory to predict wave elevations, crests, and
heights in both wave tank and ocean field conditions.
Local Wave Parameters. This study investigates the ability
of the model to predict local properties of the wave profile;
e.g., marginal mean and standard deviation of a wave crest
given a wave height, of wave period given a wave height and
similar marginal moments of other local wave properties.

(8)

In particular, for a JONSWAP wave spectrum with peakedness
factor γ, we have fit the following k3 and k4 expressions to results
for a wide range of depths [Winterstein & Jha, 1995]:
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COMPARISON OF α3 AND α4 : DATA VS. PREDICTION
Here and throughout, we shall compare the predicted and
observed wave results from two different data sets: one from a
wave tank and one from the ocean. The wave tank measurements
reflect wave histories with target Hs of 4m to 18m in approximately 308m water depth [MARINTEK, 1989; MARINTEK,
1990]. We consider 18 wave tank histories, each about 2 hours,
processed here as 36 1-hour time histories. The ocean wave histories are laser measurements taken at the Ekofisk platform in
the North Sea, located at a water depth of approximately 70m.
These measurements are for durations of about 18 minutes, collected every 3 hours during the year 1984. From the annual data
set, we select seastates with Hs above 4.5m and with skewness
values between -0.05 and 0.4 (to avoid anomalous histories with
potential measurement errors). This results in selection of 132
time histories.
Figure 1 compares predicted skewness and kurtosis trends
(from Eqns. 9 and 10 with γ=3.3) with the observed sample moments from the 1-hour wave tank histories. The predicted skewness trend line shows excellent agreement with the data: the predicted trend has slope k3 =4.93, compared with the slope estimate
4.97 0.12 (mean std. error) from the observed skewness values. Note that the effect of the depth-dependent (d ! 308m) term
in Eqn. 9 will cause only a slight increase in the prediction and
is neglected here.
In contrast, Fig. 1b shows that the second-order model considerably underestimates the kurtosis of the model test waves.
The mean regression slope of 4.96 0.33 for the observed k4 is
about 4 times the predicted k4 value. This lends some support
to the view, noted earlier, that the second-order model predicts
the kurtosis value less accurately due to omitted higher-order effects [Vinje & Haver, 1994].
In contrast, for the Ekofisk field data, the second-order

1

(9)

(10)

The second term in this result for α3 reflects the effect of a finite
water depth d: in shallower waters the skewness α3 grows, as the
waves begin to “feel” the bottom.
Note also that while the skewness is predicted to vary linearly with steepness, the kurtosis is predicted from Eqn. 8 to
vary quadratically with the steepness S p . Since the steepness
is far less than unity (squared steepness even smaller), this suggests that nonlinear effects will be most strongly displayed by
the skewness, and hence by the wave crests rather than the total peak-to-trough wave heights. This second-order model may
less accurately predict kurtosis, however, as higher-order omitted
effects may be of the same order of magnitude.
Scope and Organization
In the following sections, we develop and compare analytical wave predictions to the second-order random wave model
and to both wave tank data and ocean wave measurements. The
comparisons are at the following three levels:
Moments of wave time histories: We will first compare
the predicted wave history moments—specifically, the skewness, α3 , and kurtosis, α4 —across a broad range of seastates
observed from both wave tank and measured ocean conditions.
3
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measurements and the second-order model

Skewness and kurtosis comparison for Ekofisk ocean wave

measurements and the second-order model using fitted
values from measurements

model is found to accurately predict both skewness and kurtosis. The predicted skewness is in fact a bit higher than measurements (Figure 2a), while the kurtosis prediction follows the
observed trend almost exactly (Figure 2b). Note the additional
scatter in observed skewness values compared with the preceding wave tank results; this arises because the Ekofisk samples
are of only 20-minute durations. Note also that our “predicted
trend” results are based on linear regression with zero intercept
(i.e., constrained so that the Gaussian moments are obtained as
the steepness S p goes to zero).
In view of these results, one may ask why the second-order
model should better match field data than model test results. Several possibilities may be advanced. First, the model test results
may be indicative of more severe seastates, in which higher-order

Hs , Tp

and

γ

effects (e.g., on kurtosis) may be more significant. Alternatively,
the Ekofisk data may show short-crested behavior, which is not
included in our long-crested second-order model. In this case,
the apparent agreement between theory and model in Figure 2
may be the fortunate result of offsetting errors; i.e., while our
model tends to underestimate nonlinear effects of long-crested
waves, the short-crestedness of Ekofisk reduces the observed kurtosis values to a comparable level.
In any case, assuming the wave tank accurately reproduces
severe seastates with long-crested waves, it appears that secondorder models may underpredict nonlinear effects (e.g., kurtosis
levels). The second-order model may be more adequate for more
moderate conditions, as seen in Ekofisk.
4
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Table 1.

Summary information of the three wave data sets used in CDF

Analytical Wave Elevation Models. The Gaussian
model for wave elevation is given as

comparisons of wave elevations, wave crests, and wave heights. Hs and
Tp values are found from fitting a JONSWAP spectral shape, with γ=3.3
in all cases.

Prob $ Elevation % η&
Set

Description

Hs (m)

Tp (s)

Duration (hrs)

1

Snorre:
Tests
504,505,506

13.4

13.75

5.79

2

Snorre: Test
304

7.05

12.0

1.93

3

Ekofisk: 14
18-min segments

5.14

9.8

3.98

'

1( Φ

)

η( η
ση *

(11)

where Φ + , is the standard normal CDF, and η is the mean wave
elevation. The Hermite model is in general a cubic transformation of a standard Gaussian process, based on the first four moments of the wave process. We use a simplified form of the Hermite model here, applicable over a wide probability range for
second-order random waves. This simplification results because
the predicted kurtosis levels for second-order waves do not significantly affect the transformations; hence, we only retain the
quadratic, skewness-based term in the Hermite transformation.
In this simplified Hermite model, a standard normal variable u
can be transformed to a non-Gaussian wave elevation level x as
follows:

CDF PREDICTIONS I: ANALYTICAL VS SECONDORDER SIMULATION
As earlier noted, for practical applications we are concerned
with the CDF (Cumulative Distribution Function) of various
quantities; e.g., (1) the instantaneously varying wave elevation
level; (2) the resulting wave crest height; and (3) the total crestto-trough wave height.In this section, we propose a set of analytical models for each of these CDFs, and confirm that they adequately describe the simulated behavior of second-order random
waves. This simplifies the application of second-order wave theory considerably, removing the need for full time-domain simulation of second-order waves (e.g., through double Fourier sums).
The following section will then compare these simple analytical
models—which are found consistent with second-order waves—
with measured CDF results for both wave tank and Ekofisk field
data.

α3 2
+ u ( 1,
6

x ' g + u,' η - κση . u -

/

(12)

where κ ' 1 0 1 1 - α23 0 18. For a given value of u, the transformed value x ' g + u , has the same CDF value of Φ + u , . In
practice, it is simplest to use this model by specifying a probability level p of interest: one first calculates the standard Gaussian
fractile u p (for which Φ + u p , =p), and substitutes that u value into
Eqn. 12 to find the non-Gaussian fractile value. (Note that Eqn. 9
will be used here to predict the skewness value α3 in Eqn. 12.)
Analytical Crest Height Models. The crest height of a
Gaussian narrow-band process follows the Rayleigh distribution:
Prob $ Cr

Summary of Wave Case Studies
We focus here on three wave data sets: (1) three 2-hour measurements representing the same seastate from the Snorre wave
tank tests, (2) one 2-hour measurement again from the Snorre
wave tank tests, representing a less severe seastate with different steepness S p , and (3) fourteen 18-minute Ekofisk wave measurements, chosen to represent similar climate conditions. We
present a summary of the three data sets in Table 1.

%

c&

'

exp +

(

0 2 5 + c 0 ση ,

2

,

(13)

The corresponding second-order crest elevation ηc at the same
fractile can be estimated using the same transformation g + , as in
Eqn. 12:
ηc

'

g + cr ,3' η - κση . cr -

α3 2
+ c ( 1,
6 r

/

(14)

Again, one may first start with a given fractile c p of the Rayleigh
variable in Eqn. 13, and transform it to find the corresponding
fractile of the non-Gaussian crest ηc .

Analytical Predictions for Second-order Simulations
The proposed analytical models to match the second-order
simulated results are based on the Hermite model [Winterstein
et al., 1994a] for the wave elevation and crest height and based
on the Naess model [Naess, 1985] for wave heights.

Analytical Wave Height Models. For a narrow-band
Gaussian process, the total crest-to-trough wave height also follows a Rayleigh model, with twice the amplitude of the crest
5
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For non-Gaussian processes, in contrast, positive skewness values indicate systematically larger crests than troughs, while
larger-than-Gaussian kurtosis values (above 3) suggest systematic excess of the total crest-to-trough range (over that of a Gaussian process). As we have seen earlier, random second-order
wave models have kurtosis values only slightly greater than 3;
hence we may expect their predicted wave heights to be relatively unaffected by nonlinear effects.
The remaining correction to the Rayleigh model in Eqn. 15
concerns the effect of non-zero spectral bandwidth. Range values will tend to decrease, compared with the Rayleigh model, as
the spectral bandwidth increases. We seek to reflect this effect
through a simple model proposed by Naess:
Prob 5 H

2
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second-order (non-Gaussian) wave time histories. These have
been processed to develop the simulated CDFs of the wave elevations, crest heights and wave heights. Simulations have been
performed for all three wave data sets. In each case, the simulations were based on the measured wave spectrum. The time
resolution of the simulated histories is chosen to be the same as
that of the measured histories (dt=.42s for wave tank tests, 0.50s
for Ekofisk). The total simulated durations are generally longer
than the total observed durations, in an effort to “fill in” the tails
of the distributions and thereby offer a more robust comparison
in the tails.
The resulting CDFs for wave elevation, crest height, and
wave height for data set 1 are shown in Figures 3, 4, and 5 re-

(16)

Here ρ is taken as the autocorrelation function value at half
the dominant wave period. For a JONSWAP spectrum with
γ=3.3 and 7.0 the values of ρ are –0.73 and –0.80, respectively.
Of course, as ρ @A: 1 this result approaches the narrow-band
Rayleigh model (Eqn. 15).
Numerical Results. The WAVEMAKER routine has
been used here to simulate both first-order (Gaussian) and
6
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spectively. The analytical models are found to provide excellent
agreement with the simulated second-order results. (The Naess
model here uses ρ BDC 0 E 73 based on γ B 3 E 3). Similar levels of
agreement were found for the remaining two data sets as well.
Hence we believe these analytical models accurately represent
the behavior of second-order random waves. They will be used
in the next section to test whether this second-order random wave
behavior is consistent with field and model test data.
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CDF PREDICTIONS II: ANALYTICAL VS OBSERVATIONS
Comparison of Wave Elevation Distributions
The analytical models (for elevation, crest, and wave
heights) are now compared here to the measured results from
the three data sets. (Recall that these data sets are described in
Table 1.) Figures 6, 7, and 8 show wave elevation CDFs for
data sets 1, 2, and 3 respectively. In addition to the skewnessbased Hermite model described above (Eqn. 12), Figure 6 also
shows results for a model (“Cubic Hermite”) that uses all four
wave moments, as obtained from the measured data. The standard Gaussian model is also included for comparison.
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Figure 8.
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5
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view of the earlier results showing that second-order models underestimated kurtosis values for wave tank histories (Figure 1b).
Indeed, somewhat better agreement is found from the (Cubic)
Hermite model, which is based on the actual four moments of
the wave tank history (Figure 6).

Results. As might be expected, the Gaussian model underestimates extreme wave elevations in all cases. With its inclusion of skewness effects, the Hermite model provides a notable
improvement. This Hermite model is most accurate for the field
data (set 3), while it somewhat underestimates wave elevations
for the model test in data set 1 and (especially) in data set 2.
(Note that this is not a deficiency of the Hermite model but rather
of second-order wave theory, which has been used to parameterize the moment-based Hermite model.) This is not surprising, in

Comparison of Crest Height Distributions
Figures 9, 10, and 11 show CDFs of wave crests for data sets
1, 2, and 3 respectively. In addition to the Hermite crest model
(Eqn. 14), these figures show several other commonly used distributions. One is a Rayleigh model (Eqn. 13), consistent with
a Gaussian model of the wave elevation process. Another is an
7
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empirical formula fit by Haring et al [Haring et al., 1976] to observed ocean crest data:
Prob F C G cH

I

exp JLK

1
2

M

c
ση N

2

O

1K

model (and hence second-order theory) underestimates extreme
crests in the wave tank (Figures 9 and 10), to a greater degree
than its underestimation of the wave elevation CDF. This again is
consistent with the apparent kurtosis underestimation by secondorder theory. Finally, the Haring model is roughly as accurate as
the Hermite model for the field data (set 3; water depth d=70m),
but is less accurate than the Hermite model for the wave tank
tests (depth d V 300m). We believe the Haring model should not
be applied, nor was intended to apply, in such deep-water locations; it was calibrated at shallower locations, and approaches the
Rayleigh for deep-water sites.

c
c
4 P 37 0 P 57 K
d Q
d RTSTU
(17)

Results. The crest CDFs show the same trends as the
wave elevation results. The Rayleigh distribution, implied by
a Gaussian process model, underestimates extreme crests in all
cases. The Hermite model again provides an improvement, and
is again most accurate for the field data (set 3). The Hermite
8
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model and, to a similar degree, the Forristall model) agree well
with the field data. The wave tank data show larger wave heights
than these models predict. This again would appear a direct consequence of the notably larger kurtosis of the wave tank histories:
recall that kurtosis is expected to most directly impact peak-totrough wave height. In fact, the simplest, Rayleigh model is
found best able to match the wave tank results. This is likely
a product of offsetting errors: the Rayleigh model neglects bandwidth effects that reduce wave heights (an effect captured by
Naess and Forristall); however, the Rayleigh model (and others) neglect the high-kurtosis effect, which enhances the wave
heights.
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COMPARISON OF LOCAL WAVE STATISTICS
Finally, we compare the conditional distributions of various
local wave parameters. The crest front period TCF is the period
from a mean-upcrossing to the time of occurrence of the highest point in a crest. The crest back period TCB is similarly defined as the period between the highest point in a crest to the
following mean-downcrossing. The crest period TC is the sum of
TCF and TCB and is the period between a mean-upcrossing and
the following mean-downcrossing in the wave. The wave period
TW , finally, is the period between the two mean-upcrossings in a
wave.
We will compare the conditional distribution of the local
wave parameters from the second-order model to data. We will
demonstrate these comparisons with the first wave data set that
represents the Snorre wave tank measurements. We will first look
at the conditional distribution of a wave’s crest height given its
wave height. Figure 15 shows the conditional mean and standard deviation of the wave crest given a wave height for the
first- and second-order simulated histories and measured data.
The Gaussian (first-order) simulation, of course, predicts that
the crest heights are on average half the corresponding wave
heights. The data shows systematically larger crests conditionally, given the corresponding wave height. The second-order
model is found to predict this conditional vertical asymmetry
quite accurately. Note that even though the model slightly underpredicts the marginal distributions of the crests and of the wave
heights, the conditional crest mean and standard deviation seem
accurately predicted.
We next consider the horizontal asymmetry in the waves.
Figures 16 and 17 compare TC to TW , and TCF to TC , respectively.
As may be expected, both the first-order and second-order simulations do not predict any horizontal asymmetry. As seen in the
figures, TC is approximately half of TW . Similarly, TCF is approximately half of TC . No horizontal asymmetry can be found in the
observed data either, indicating that the first- and second-order
simulations are statistically similar to the observations as regards
their horizontal symmetry.
Figure 18 shows the conditional distributions of wave peri-

Figure 13. Norm. wave height CDF: Data vs. analytical models (Set 2)
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Norm. wave height CDF: Data vs.analytical models (Set 3)

Comparison of Wave Height Distributions
Finally, Figures 12, 13, and 14 compare observed wave
height distributions with the Naess model, which was found an
accurate proxy for second-order wave simulation. Also shown
are a Rayleigh wave height model (Eqn. 15) and an empirical model suggested by Forristall [Forristall, 1978]. This Forristall model is a special case of a Weibull distribution, given as
Prob W Height X hY Z exp W [L\ h ] ση ^ 2 _ 126 ] 8 ` 42Y .
Results. Again, what is most notable in these results is
the discrepancy between field and wave tank behavior. The
second-order model and its analytical approximations (the Naess
9
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ods given crest heights for data, first- and second-order simulations. This figure shows the conditional median along with 16and 84-percentile spread of wave periods given crest heights. All
results show the same trend of increasing wave periods for small
to moderate crest heights, and constant wave periods for large
crest heights. The asymptotic wave period is close to the central
period obtained from the first moment of the wave spectrum (in
this case the central period is about 12 seconds; cf. Table 1). Figure 19 shows a similar comparison of conditional distribution of
maximum of TCF and TCB in a wave vs. the crest height of the
wave. This is again shown as the conditional median with 16and 84-percentile scatter of Max.(TCF , TCB ) given crest heights.
Such statistics are of interest, for example, in identifying the
large high-frequency resonant (“ringing”) responses that may be
observed in offshore structures. Again, all results show the same
trend of increasing periods for small crests and a gradual asymptote period for large crest heights, with the second-order model
offering a slightly better agreement to data. The asymptotic maximum of the crest front and back period for large crest heights is
about 25% of the central wave period.
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Figure 17. Crest front period TCF vs. crest period TC

(3) the wave crest CDF (Eqn. 14), and (4) the wave height CDF
(Eqn. 16). Agreement of (2)–(4) is demonstrated here in Figures 3, 4, and 5 respectively. Hence we believe these analytical
models accurately represent the behavior of second-order random waves. They remove the need for full time-domain simulation of second-order waves, involving double Fourier sums (e.g.,
Eqns. 4–5.)
Comparison of second-order models with wave data. The
major finding is the notable difference between wave tank data
(sets 1 and 2) and Ekofisk field data (set 3). This is most fundamentally seen at the wave moment level: while all data sets
shows similar skewness levels, the wave tank data shows systematically greater kurtosis than the field data (Figures 1 vs 2).
As these figures show, the second-order model accurately pre-

CONCLUSIONS
This paper has addressed two distinct tasks: analytical models consistent with random second-order waves, and evaluation
of these models with respect to observed wave behavior. Conclusions with respect to these tasks are as follows:
Analytical models of random second-order waves. A set
of convenient analytical expressions has been shown to be consistent with the behavior of random second-order waves. These
include useful approximations to (1) the wave skewness and kurtosis (from Eqns. 9–10), (2) the wave elevation CDF (Eqn. 12),
10
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in some way—e.g., through empirical results that capture the enhanced kurtosis values as a function of wave steepness—to predict extreme wave levels. The Hermite model appears able to
propagate these effects into the upper distribution tails, provided
it is calibrated with accurate skewness and kurtosis values (as
in the “Cubic Hermite” in Figure 6, which uses observed wave
moments rather than those predicted by second-order theory).
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