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A new method is presented to directly derive the nonlinear equations of motion (EOMs) of a ﬂoating
wind turbine system using the theorem of conservation of angular momentum and Newton’s second
law. The methodology considers the system as two rigid bodies: the tower and the rotor-nacelle
assembly (RNA). The large-amplitude rotation of the tower is described by the 1-2-3 sequence Euler
angles, which offer accurate nonlinear coupling between motions in 6 degrees of freedom (DOFs). Two
additional DOFs of the RNA relative to the tower, nacelle yaw and rotor spin, are prescribed by
mechanical control and are also included in the EOMs of the entire system. Results from the EOMs are
transformed among different coordinate systems at every time-step for use in the computation of
hydrodynamics, aerodynamics and restoring forces, which preserves the nonlinearity between external
excitation and structural dynamics. The new method is veriﬁed by critical comparison of simulation
results with those of the popular wind turbine dynamics software FAST. The concept of highly
compliant ﬂoating wind turbines is introduced. The large-amplitude motions and gyroscopic moments
of one of these smaller, lighter structures is simulated in an example.
& 2012 Elsevier Ltd. All rights reserved.
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1. Introduction and background
Environmental, aesthetic and political pressures continue to push
for siting offshore wind turbines beyond sight of land, where waters
tend to be deeper, and use of ﬂoating structures is likely to be
considered. Design of a ﬂoating wind turbine support structure
capable of maintaining a near-vertical tower requires buoyancy far
exceeding the weight of the equipment being supported. Savings
could potentially be realized by reducing hull size, which would
allow more compliance with the wind thrust force in the pitch
direction. The loss of blade swept area has been shown to have a
modest effect on energy capture (Wang and Sweetman, 2011).
Increased dynamic motions does not necessarily correspond to
increased dynamic load. For sinusoidal motion, the amplitude of
the inertial loads is the product of the moment of inertia, amplitude
of the motion and the square of the circular frequency. Decreasing
the stiffness reduces the pitch and roll natural frequencies, which
decreases inertial loading, but may require special consideration in
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the design of the rotor speed and blade-pitch controllers. Design of
these increasingly compliant ﬂoating towers will make computation
of structural dynamics both more challenging and more important,
mainly because of the effects of gyroscopic moments. For conventional, stiff, bottom-founded structures, these moments are primarily generated by mechanical precession of the spin axis into the
shifting winds, and so are limited by the maximum yaw rate
(Henderson and Vugts, 2001). However, no such limit exists for
gyroscopic moments of ﬂoating structures because they result from
both shifting winds and irregular motions of the tower. New
methodologies must be developed and employed to simulate the
motions of new design concepts.
The compliant ﬂoating wind turbine system can be considered as
a multi-body system including tower, rotor, nacelle and other moving
parts, which are mechanically connected by the yaw bearing, hub,
etc. One conventional analytical method to simulate the dynamics
motions of such a system would be the Newton–Euler (NE) equations
or Euler–Lagrange (EL) equations (Saha, 1999). The NE equations are
usually established by separating the free-body diagrams of each
rigid body in the system. For example, Stoneking (2007) presents the
derivation of the exact nonlinear dynamic equations of motion for
a multi-body spacecraft connected by spherical gimbal joints.
Matsukuma et al. (Matsukuma and Utsunomiya, 2008) employ NE
equations combined with constraint conditions associated with the
joints between rigid bodies to analyze the dynamic response of a
2-MW downwind turbine mounted on a spar-type ﬂoating platform
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for pitch amplitudes up to around 101 in steady wind, but no waves,
and conclude that the platform motions are meaningfully inﬂuenced
by gyro moments associated with rotor rotation. The EL equations
apply energy methods to establish equations of motion for
generalized degrees of freedom. Overall, the commonly used NE
method computes the internal forcing between rigid bodies, and
is excellent for applications in which the internal forcing has
signiﬁcant concern. However, for simulation of general motion of
a system, these internal forces are not needed at every time step.
The EL method is efﬁcient for the solution of motion, while the
derivation of partial derivatives of energy about related generalized DOFs is laborious. Additionally, the number of equations
is equal to that of DOFs for previous conventional methods:
the number of equations of the NE method is six times of number
of rigid bodies within the multi-body system; the number of
equations for the EL method is just that of the generalized DOFs.
Kane’s method combines the advantages of both the NE and EL
methods. As the well-recognized wind turbine dynamics analysis
software, the NREL FAST aero-elastic simulator (Jonkman and
Buhl, 2005; Jonkman, 2007) uses Kane’s method to derive the
EOMs for the ﬂoating wind turbine system with rotations of
platform less than 201. In FAST, the hydrodynamic radiationdiffraction analysis package WAMIT (WAMIT 6.4, 2008) can be
used to provide hydrodynamic forcing in the case of smallamplitude motions.
The work presented here is also a combination of the NE and
EL methods for the computation of the general motion using only
six equations no matter how many DOFs the system has. It makes
direct use of the known interactions between mechanical components in the wind turbine, which are directly controlled or
explicitly deﬁned, to derive the rotational equations of motion of
the entire wind turbine system. The conventional Euler dynamic
equations are normally applied to only one rigid body, while the
known relationships between the rigid body components enable
the application of the theorem of conservation of angular momentum to the entire system. Transformation matrixes are used to
transfer the angular momentum of each rigid body to a uniﬁed
coordinate system to obtain the total angular momentum of the
entire system, the derivative of which is equal to the sum of
external moments applied to the system. The resulting rotational
EOMs are combined with translational equations governed by
Newton’s second law of the entire multi-body system to develop a
system of six equations. A key advantage of the new methodology is
that the EOMs use fewer equations than previous conventional
methods because only three rotational DOFs of the base body
(tower) described by Euler angles and three translational DOFs need
to be solved. Known relative DOFs along the rigid-body chain
(nacelle yaw and blade spin) do not require additional EOMs.
Structural ﬂexibility of individual bodies cannot be considered using
this method. However, neglecting these effects is reasonable for
compliant design in cases where the global motions are dominated
by ﬁrst order rigid-body motions that are much larger than the
higher modes allowed by structural ﬂexibility. Mechanical systems
with known geometric relationships between components are
common, especially in rotating machinery. Thus, the methodology
here is developed for ﬂoating wind turbine systems, but is broadly
applicable to other types of interconnected dynamic mechanical
systems.
The nonlinearities of various external forces and moments due
to their coupling with structural motions are addressed in this
work. Aerodynamics and hydrodynamics are calculated including
the motion of body through the ﬂuid, and the instantaneous
position of the structure is accurately computed to incorporate
nonlinearities of both the mooring and hydrostatics. In the numerical simulation, the motions and external excitation (including both
external forces and moments) are transformed between various

coordinate systems at each time step using matrices developed in
terms of Euler angles for the rigid body. Thus, the full nonlinear
coupling between external excitation and large-amplitude motion of
the tower is preserved.

2. Coordinate systems and Euler angles
The methodology considers the system as two rigid bodies: the
tower is the complete structural assembly, including the buoyant
hull, that supports the rotor-nacelle assembly (RNA); the RNA is
the complete assembly that can mechanically yaw relative to the
tower. The implementation of the new method requires use of
several coordinate systems to derive the EOMs for the complete
system. The external excitation applied in the dynamic equations
is computed consecutively and projected into the corresponding
coordinate systems. Fig. 1 shows both the ðX,Y,ZÞ and the
ðX M ,Y M ,Z M Þ systems, which are earth-ﬁxed global coordinate
systems with the origin located at the center of mass (CM) of
the entire system and still water level respectively in case of
equilibrium status of the system with zero displacements. The
ðxt ,yt ,zt Þ and the ðA,B,CÞ systems are body ﬁxed and originate at
the CM of the tower and RNA, respectively. The CM of the RNA, GR,
is assumed to be on the centerline of the tower to guarantee that
the CM of the system, Gs, is ﬁxed on the tower. The ðxs ,ys ,zs Þ
system is parallel to ðxt ,yt ,zt Þ and originates at the instantaneous
CM of the entire system, which is also assumed to be on the
centerline of the tower. Thus ðxs ,ys ,zs Þ coincides with the ðX,Y,ZÞ
system for zero displacement.
The ðX,Y,ZÞ and ðxs ,ys ,zs Þ coordinate systems are used for
application of both the Newton’s second law and the theorem of
moment of momentum on the entire system. Two body-ﬁxed
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Fig. 1. Coordinate systems used in the application.
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Fig. 2. 1-2-3 sequenced Euler angles in terms of X4, X5 and X6.

Cartesian frames, ðA,B,CÞ and ðxt ,yt ,zt Þ, are assumed to be on the
principal axes of inertia in order to simplify the calculation of
angular momentum of the two rigid bodies. The ðA,B,CÞ system is
assumed to be on the principal axes of both the rotor and the
nacelle. The ðX M ,Y M ,Z M Þ system is deﬁned to enable comparison
of simulation results with those of FAST, in which the reference
point is usually prescribed to be on the still water level.
Fig. 2 shows the Euler angles used to describe large-amplitude
rotational motion. For large angular displacements in space, the
order in which the angles of rotation are applied is important; there
are 12 possible Euler angles sequences. Here, 1-2-3 sequenced Euler
angles X4–X5–X6 are used to describe the position of the rotating
tower. The ðx0 ,y0 ,z0 Þ is translating coordinate system with respect to
the ðX,Y,ZÞ system, with the origin located at the CM of the tower.
The ðxt ,yt ,zt Þ system can be transformed from the ðx0 ,y0 ,z0 Þ by: ﬁrst
rotating the upright tower about the x0 -axis by angle X4, and then
rotating about the resulting second coordinate axis through an angle
X5, and ﬁnally, rotating the tower about the zt-axis through the third
Euler angle, X6.

3. Equation of motion of the system
The well-known Euler equations of motion are conventionally
derived using conservation of angular momentum applied to a
single rigid body. Here, the theorem of moment of momentum is
directly applied to the complete wind turbine system, which
consists of two rigid bodies: the tower and the RNA. Six unknown
DOFs of tower (translation and rotation) and two known DOFs of
RNA (nacelle yaw and rotor spinning) are considered in the
model. Using the presented method, only one set of equations
of motion are needed to compute the rotational dynamics of the
integrated multi-body system. The angular momentum of the
entire system results from the sum of angular momentum of each
rigid body, which is computed within the respective local coordinate system and then transformed into a uniﬁed system with the
origin located on the CM of the wind turbine system. Similar to
the application of Newton–Euler dynamics equations to one rigid
body, the coupled motions are computed using rotational EOMs
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combined with translational equations governed by Newton’s
Second Law of multi-body systems.
Beginning with conservation of angular momentum, the sum of
the moments resulting from externally applied forces about the CM
of a system of particles in the translating-rotating system, ðxs ,ys ,zs Þ,
equals the change of amplitude of the momentum within the
coordinate system plus the change of direction of the momentum
with respect to global coordinate system (e.g. Hibbeler, 2004)
X
~ ¼H
~_s ¼ ðH
~_s Þ
~s
~
M
ð1Þ
Gs
Gs xs ys zs þ o t  H Gs
P~
M, represents the moments from all of
The L.H.S. of Eq. (1),
P~
~ wind þ M
~ wave þ M
~ restoring , where the restorexternal forces:
M ¼M
~ restoring includes the effect of both hydrostatics and
ing moment M
~ wind and M
~ wave result
mooring lines; the environmental moments M
~ s is the angular
from wind and wave forces. In the R.H.S. of Eq. (1), H
Gs
momentum of entire system calculated about that CM of the multibody system and decomposed into the ðxs ,ys ,zs Þ system. The vector
~ t describes the angular velocity of ðxs ,ys ,zs Þ with respect to the
o
global coordinate system ðX,Y,ZÞ, which is the absolute angular
velocity of the tower because the ðxs ,ys ,zs Þ system is parallel to the
body-ﬁxed coordinate system ðxt ,yt ,zt Þ. In general, angular momen~ s , can be decomposed into any coordinate
tum of a system, H
Gs
system with the origin located at the CM of the entire multi-body
system. Here, choosing the orientation of ðxs ,ys ,zs Þ parallel to
ðxt ,yt ,zt Þ simpliﬁes the calculation of angular momentum and its
~ s , is obtained
derivative. The angular momentum of the system, H
Gs
by superimposing the momenta of the RNA and the tower and then
s
~ ¼H
~R þ H
~ t , in
decomposing the sum onto the ðxs ,ys ,zs Þ system: H
Gs R
Gs
t Gs
~
~
which the angular momenta of two rigid bodies, H Gs and H Gs , are
calculated about the CM of the system, Gs. These momenta can be
further related to the angular momenta about the respective CM of
these two rigid bodies by (e.g. Hibbeler, 2004)
~t ¼ r
~t
~Gt =Gs  mt ~
H
v Gt þ H
Gs
Gt

ð2Þ

~R
~R ¼ r
~GR =Gs  mR ~
v GR þ H
H
Gs
GR

ð3Þ

~GR =Gs and r
~Gt =Gs , are from Gs to the CM of RNA
where radius vectors, r
and tower, respectively, and projected onto the ðxs ,ys ,zs Þ system; ~
v GR
and ~
v Gt represent the corresponding linear velocities of the CM; mR
and mt are the masses of these two rigid bodies. Those terms
including radius vectors correspond to the effect of distance in the
parallel axis theorem, and can be further represented by expanding
~
v GR and ~
v Gt in terms of the linear velocity of Gs, ~
v Gs
~t  r
~Gt =Gs  mt ð~
~Gt =Gs Þ
~Gt =Gs  mt ~
r
v Gs þ o
v Gt ¼ r

ð4Þ

~t  r
~GR =Gs  mR ð~
~GR =Gs Þ
~GR =Gs  mR ~
r
v Gs þ o
v GR ¼ r

ð5Þ

Combining Eqs. (4) and (5)
~t  r
~GR =Gs  mR ~
~Gt =Gs  ðmt o
~Gt =Gs Þ
~Gt =Gs  mt ~
r
v Gt þ r
v GR ¼ r
~t  r
~GR =Gs  ðmR o
~GR =Gs Þ
þr

ð6Þ

Those terms including the linear velocity of the CM of the
~GR =Gs þ mt r
~Gt =Gs ¼ 0, which decousystem disappear because mR r
ples the angular momentum of the system and its derivative from
the translational DOFs. This decoupling signiﬁcantly simpliﬁes
solution of Eq. (1), which increases the efﬁciency of numerical
solution to the ﬁnal coupled 6-DOFs equations of motion.
~ t in Eq. (2), is calculated
The angular momentum of the tower, H
Gt
in the ðxt ,yt ,zt Þ coordinate system, parallel to the ðxs ,ys ,zs Þ system,
and originated from the CM of the tower. If the body-ﬁxed coordinate
system ðxt ,yt ,zt Þ are composed of principal axes of inertia, the angular
momentum of the tower can be obtained by ﬁrst calculating the
product of the inertia tensors and the angular velocities, and then
~ t ¼ T t-s ðIt o
~ t Þ, where T t-s
transforming into the ðxs ,ys ,zs Þ system: H
Gt
is the transformation matrix from ðxt ,yt ,zt Þ to ðxs ,ys ,zs Þ and equal to
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the elementary matrix because these two coordinate systems are
parallel; the inertia tensor of the tower, It, is a diagonal matrix with
diagonal elements equal to Ixt , Iyt and Izt , i.e. the moments of inertia
of the tower about its principal axes. The absolute angular velocity of
~ t , is decomposed into the body ﬁxed coordinate system
the tower, o
ðxt ,yt ,zt Þ and can be represented in terms of 1-2-3 sequenced Euler
angles by (e.g. Zeng and Shen, 2005)
2 _
3
X 4 cos X 5 cos X 6 þ X_5 sin X 6
6
~ t ¼ 4 X_4 cos X 5 sin X 6 þ X_5 cos X 6 7
o
ð7Þ
5
X_4 sin X 5 þ X_6

~ R , is calculated
The angular momentum of the RNA in Eq. (3), H
GR
by further separating the RNA into the nacelle and the rotor
(including all spinning parts within the RNA). The ðA,B,CÞ system
is assumed to be the principal coordinate system of inertia of the
nacelle. The angular momentum of the nacelle is transformed
~ n ¼ T n-s ðIn o
~ n Þ, in
from its principal axes to the ðxs ,ys ,zs Þ by: H
GR
which T n-s is the transformation matrix from ðA,B,CÞ to ðxs ,ys ,zs Þ;
In is the inertia tensor of the nacelle calculated about the ðA,B,CÞ
system. The angular velocity of the nacelle within the ðA,B,CÞ
~ n , is obtained by ﬁrst calculating it in the ðxt ,yt ,zt Þ
system, o
system in terms of nacelle yaw rate and then transforming into
~ n ¼ T t-n o
~t þo
~ yaw Þ, where the
~ n,t ¼ T t-n ðo
the ðA,B,CÞ system: o
transformation matrix from ðxt ,yt ,zt Þ to ðA,B,CÞ, T t-n , can be
calculated by the inverse of T n-s , which is just the transpose
~ n,t represents the
since the transformation matrix is orthogonal; o
absolute angular velocity of the nacelle with respect to the
~ yaw has positive nacelle yaw rate
ðxt ,yt ,zt Þ system; the vector o
~ yaw ¼ð0; 0, oyaw Þ.
component along zt-direction, i.e. o
Here, the ðA,B,CÞ axes are assumed to be on the principal axes
of the rotor to simplify the calculation of angular momentum.
This angular momentum depends on both the moments of inertia
and the angular velocities of the rotor in the ðA,B,CÞ system. The
exact moments of inertia of the rotor are preserved in the ðA,B,CÞ
system and are not the function of time. Similar to the calculation
~ n , the angular momentum of the rotor can be calculated by:
of o
r
~_ Þ, in which o
~ ¼ T n-s Ir o
~n þc
~ r,n represents the
~ r,n ¼ T n-s Ir ðo
H
GR

absolute angular velocity of the rotor with respect to the ðA,B,CÞ
system; Ir is the inertia tensor of the rotor calculated about the
~_ has a positive component
ðA,B,CÞ system; the spinning vector c
_ ,0Þ. Combining the angular momen~_ ¼ð0, c
about B-direction, i.e. c
tums of nacelle and rotor, the angular momentum of RNA is
~_ , in which the moments of
~n þ H
~ r ¼ T n-s ðIn þIr Þo
~ n þ T n-s Ir c
H
GR

GR

inertia of the nacelle and rotor can be combined into that of RNA
within the ðA,B,CÞ system
~_
~ R ¼ T R-s ðIR o
~ n Þ þ T R-s IR c
H
GR

ð8Þ

In Eq. (8), the nacelle and the rotor are treated as a single unit,
with yaw motion along the C-axis and spinning motion along the
B-axis. The change of Ir to IR directly has no inﬂuence on the
calculation because in the inertia tensor, only that element
associated with spinning matters in this term. Considering the
ðA,B,CÞ system as the principal coordinate system of inertia of the
RNA, the transformation matrix from ðA,B,CÞ to ðxs ,ys ,zs Þ, T R-s , is
equal to T n-s and can be represented as Eberly (2008)
2
3
cos b sin b 0
6
7
T R-s ðbÞ ¼ 4 sin b cos b 0 5
ð9Þ
0

0

1

where the relative degree of freedom, b, describes the rotation of
ðA,B,CÞ to ðxs ,ys ,zs Þ and depends on the yaw angle of the nacelle,
which is continually adjusted by the yaw control mechanism; IR is
the inertia tensor of the RNA in the form of diagonal matrix with

diagonal elements equal to IA, IB and IC. Combining Eqs. (2) and
(3), the angular momentum of the system in the ðxs ,ys ,zs Þ system,
~ s , can be arranged as: H
~ s ¼ Is o
~ 0 , which is a generalized
~t þH
H
Gs

Gs

validation of Leimanis’s conclusion (Leimanis, 1965): the angular
momentum of a two-rigid-body system can be separated into one
part due to transport of the whole system considered as a rigid
body and another part due to the relative motion between the
bodies. The inertia tensor associated with the transport of the
system, Is, can be expressed as
2
3
I11 I12 I13
6I
7
Is ¼ 4 21 I22 I23 5
ð10Þ
I31 I32 I33
in which
I11 ¼ ðIA cos2 b þ IB sin2 b þmR r2GR =Gs Þ þ ðIxt þ mt r2Gt =Gs Þ
I12 ¼ ðIA IB Þcos b sin b
I21 ¼ ðIA IB Þcos b sin b
I22 ¼ ðIA sin2 b þ IB cos2 b þmR r2GR =Gs Þ þ ðIyt þ mt r2Gt =Gs Þ
I33 ¼ IC þIzt
I13 ¼ I23 ¼ I31 ¼ I32 ¼ 0
where rGt =Gs and rGR =Gs are the moduli of corresponding vectors in
Eqs. (2) and (3). The off-diagonal terms in the inertia tensor result
from the included angle between the B and ys-axes. The effect of the
parallel axis theorem is obvious in the diagonal terms. The angular
momentum of the RNA relative to the tower can be expressed by
~ t:
collecting terms independent of the rotation of the tower, o
0
_
_
~
H ¼ ðI c sin b,I c cos b,I oyaw Þ. The angular momentum assoB

B

C

ciated with the spinning blades corresponds to projections onto
both xs- and ys-directions, while the angular momentum associated
with the nacelle yaw is only along the zs-axis.
The absolute time derivative in Eq. (1) includes changes in
both the direction and amplitude of the angular momentum
vector. The latter can be expressed as
~_s Þ
_~
~_ 0
~_
ðH
Gs xs ys zs ¼ I s o t þ Is o t þ H

ð11Þ

where the derivative of inertia tensor, I_s , is computed by taking
time derivative element by element in the matrix according to the
deﬁnition of matrix derivative. Thus, only the time-dependent
terms in the inertia tensor are considered, which include the
angle b since b_ ¼ oyaw . This derivative of angular momentum is
simpliﬁed considerably by the selection of the ðxs ,ys ,zs Þ system
parallel to the body ﬁxed ðxt ,yt ,zt Þ, because all the time-dependent
terms are explicitly deﬁned by the yaw control mechanism and
the geometrical conﬁguration.
Computation of transitional motions is relatively straightforward. The theorem of the motion of the center of mass is applied
to the entire wind turbine system to solve the translational DOFs
X
~
F ¼ ms~
a Gs
ð12Þ
where ~
a Gs is the linear acceleration of the CM of the system,
~
a Gs ¼ ðX€1 , X€2 , X€3 Þ; ms is the mass of the whole system; the force
P~
vector
F represents the external forces of the entire system
in the inertia coordinate system ðX,Y,ZÞ, including environmenP~ ~
F ¼ F wind þ ~
tal forces, restoring forces and gravity:
F wave þ
~
~
F restoring þ G. Each of these components must be decomposed to
the inertia coordinate system ðX,Y,ZÞ for application of Newton’s
second law. Restoring forces, ~
F restoring , include contributions from
buoyancy of the hull and tension of the mooring lines.
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4. Restoring forces
The restoring forces (including both the external forces and
moments) resulting from the contribution of hydrostatics and
mooring lines are also computed for large-amplitude motions.
Restoring forces are calculated about the CM of the system, Gs,
which may experience large excursions from the original equilibrium
position. The large-amplitude motions preclude use of the conventional stiffness matrix method in which restoring forces can be
computed as a stiffness matrix times a displacement vector with
each column of the matrix corresponding to unit motion in one DOF
and zero displacements in other DOFs. This section addresses the
nonlinear hydrostatic and mooring forcing due to coupled largeamplitude translational and rotational motions.
The LHS of the rotational equations of motion (Eq. (1)) is the
sum of the external moments in the translating-rotating system
ðxs ,ys ,zs Þ; the LHS of the translational equations (Eq. (12)) is the
external forces in the inertial system ðX,Y,ZÞ. The transformation
matrix between these two coordinate systems is a function of
1-2-3 sequenced Euler angles X4–X5–X6 since the ðxs ,ys ,zs Þ system
is deﬁned parallel to the body-ﬁxed coordinate system of the
tower, ðxt ,yt ,zt Þ. The transformation matrix from ðxs ,ys ,zs Þ to
ðX,Y,ZÞ can be expressed as
2
3
t 11 t 12 t 13
6
7
T s-I ¼ T x ðX 4 ÞT y ðX 5 ÞT z ðX 6 Þ ¼ 4 t 21 t 22 t 23 5
ð13Þ
t 31 t 32 t 33
in which
t 11 ¼ cos X 5 cos X 6
t 12 ¼ cos X 5 sin X 6
t 13 ¼ sin X 5
t 21 ¼ cos X 4 sin X 6 þcos X 6 sin X 4 sin X 5
t 22 ¼ cos X 4 cos X 6 sin X 4 sin X 5 sin X 6
t 23 ¼ cos X 5 sin X 4
t 31 ¼ sin X 4 sin X 6 cos X 4 cos X 6 sin X 5
t 32 ¼ cos X 6 sin X 4 þcos X 4 sin X 5 sin X 6
t 33 ¼ cos X 4 cos X 5
where T x ðX 4 Þ, T y ðX 5 Þ and T z ðX 6 Þ are element transformation
matrices (Sweetman and Wang, 2011). The complexity of
Eq. (13) results from prescribing the ðxs ,ys ,zs Þ system parallel to
the ðxt ,yt ,zt Þ system instead of the ðX,Y,ZÞ system. This resulting
complexity is more than offset by avoiding the tedious calculation
of the time derivative of this transformation matrix.
The hydrostatic restoring forces are calculated directly from
the buoyancy of the cylindrical ﬂoater. The instantaneous buoyancy of a ﬂoating cylinder in the inertial coordinate system ðX,Y,ZÞ
I
is ~
F B ¼ ð0; 0, rg pr 2 h1 Þ (Zeng and Shen, 2005), where r is the
density of sea water; g is the gravitational acceleration; r is the
radius of the cylinder; h1 is instantaneous submerged length of
the cylinder along the centerline. This variable length is a function
of heave motion and leaning angle of the cylinder
h1 ¼

rGM =O X 3
cos y1

rGM =O þh0

ð14Þ

where rGM =O is the distance measured from still water level to the
CM of the system in its equilibrium position, i.e. the length from
GM to O in Fig. 1; y1 is the leaning angle of the cylinder with
respect to vertical, cos y1 ¼ cos X 4 cos X 5 ; h0 is the initial length of
h1, i.e. the draft of cylinder in equilibrium position. For small
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rotations, the restoring force in heave reduces to the conventional
F B ¼ rg pr 2 ðh0 X 3 Þ.
The center of buoyancy of a partially submerged cylinder
piercing the water surface at an angle is described by the radius
~B=Gs ¼ ðxBs ,yBs ,zBs Þ, in which (Zeng
vector in the ðxs ,ys ,zs Þ system, i.e. r
and Shen, 2005)
xBs ¼ 

t 31 r 2
4t 33 h1

yBs ¼ 

t 32 r 2
4t 33 h1

zBs ¼ ~
hG þ

h1 r 2 ðt 231 þ t 232 Þ
þ
2
8t 233 h1

ð15Þ

where vector ~
h G indicates the position of the bottom of the cylinder
measured from the ðxs ,ys ,zs Þ system along the centerline. To obtain
the hydrostatic restoring moment in the ðxs ,ys ,zs Þ system, the
buoyancy in the inertia coordinate system is decomposed into the
~B=Gs , i.e.
ðxs ,ys ,zs Þ system and then combined with the vector radius r
s
I
s
~s ¼r
~
~B=Gs  ~
F B , in which the transformation
F B and M
F B ¼ T I-s ~
B

matrix from ðX,Y,ZÞ to ðxs ,ys ,zs Þ, T I-s , is the inverse of Eq. (13),
which is just the transpose since the transformation matrix is
orthonormal. This hydrostatic calculation method is applicable to
any composite body having a cylinder piercing the water-plane. The
center of buoyancy of fully submerged parts of a composite body are
not affected by pitch angle, and can be geometrically combined with
a surface-piercing cylinder.
A simpliﬁed mooring system is assumed to consist of four
radial taut lines for convenience. The change in tension in each
line can easily be expressed as a function or cable stretch. Each
fairlead position is calculated by summing translations and Euler
angle rotations. The contribution of each mooring line is calculated consecutively and then summed. The combined restoring
force in the ðX,Y,ZÞ system and the combined restoring moment
calculated about Gs in the ðxs ,ys ,zs Þ system are needed in the
application of equations of motion of the system.
Compliance along each straight line is due to elasticity of the
materials only. The radius position of any one fairlead (point A) in
~A=O ¼ r
~Gs =O þ T s-I r
~A=Gs ,
the inertia coordinate system ðX,Y,ZÞ is r
~Gs =O is the position of Gs measured from
where the radius vector r
~Gs =O ¼ ðX 1 ,X 2 ,X 3 Þ and r
~A=Gs is the radius
the ðX,Y,ZÞ system, r
position of point A in the ðxs ,ys ,zs Þ system. The position of the
~E=O , is
ﬁxed end (point E) of this mooring line on the sea bottom, r
constant in the ðX,Y,ZÞ system. Combining, the radius position
~E=A ¼ r
~E=O r
~A=O .
from point A to point E in the ðX,Y,ZÞ system is r
The tension along a neutrally buoyant taut line in the ðX,Y,ZÞ
system can be obtained by the nature of elasticity material (Zeng
and Shen, 2005)

~
r E=A
I
ES
~
ðrE=A LÞ
F line ¼ T 0 þ
ð16Þ
L
rE=A
where T0 is the pretension of one mooring line; E is Young’s
Modulus; S is the cross sectional area of the line; L is the initial
~E=A , i.e. the
length of the line; rE=A is the norm of the vector r
instantaneous length of the line. The restoring force of the
I
mooring system, ~
F mooring , is obtained by summing the force from
each line.
The restoring moment from each line in the ðxs ,ys ,zs Þ system is
obtained by decomposing the restoring force into the ðxs ,ys ,zs Þ
system ﬁrst and then multiplied by the radius vector of the
s
I
s
~s ¼r
~A=Gs  ~
fairlead, i.e. ~
F line ¼ T I-s ~
F line and M
F line . The result
line

from each line can be further summed to obtain the restoring
~s
moment from mooring system, M
mooring . Finally, the restoring
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forces can be expressed as
I
I
~
F restoring ¼ ~
F B þ~
F mooring

ð17Þ

~ s þM
~s
~ restoring ¼ M
M
B
mooring

ð18Þ

5. Environmental forcing
The wind force in the ðX,Y,ZÞ system and wind moment calculated about Gs in the ðxs ,ys ,zs Þ system are needed in the application of
equations of motion of the system. For simplicity, an approximate
wind thrust force is computed for the complete swept area of the
blades following the method of Nielsen et al. (2006):
F b ¼ 12C T ra Ab V 2rb

ð19Þ

where ra is the density of air; Ab is the swept area of the blades; CT is
the thrust coefﬁcient; Vrb is the amplitude of the velocity of the wind
relative to the RNA along the B-axis. The wind force is assumed to be
applied on the center of the blade area and along the B-axis, i.e.,
perpendicular to the blade area. The thrust coefﬁcient, CT, is assumed
to depend solely on relative wind velocity and is taken directly from
Nielsen (Nielsen et al., 2006) and repeated in Fig. 3. This curve is a
proxy for the inﬂuence of conventional blade-pitch control on thrust.
The curve was developed by assuming that the control mechanism
maximizes the power output for wind speeds below the rated speed
(8.7 m/s here) and retains constant power output after the rated
speed. More accurate wind forces could be computed by linking the
codes of this method with an existing rotor-aerodynamics module,
e.g. AeroDyn (Laino and Hansen, 2011).
The amplitude of relative velocity, Vrb, is computed by projecting both the wind velocity and structural velocity onto the B-axis.
I
A unit vector ~
u B indicates the direction of the B-axis in the ðX,Y,ZÞ
I
R
R
system by ~
u B ¼ T R-I ~
u B is the unit vector along B-axis in
u B , where ~
R
the ðA,B,CÞ system, i.e. ~
u B ¼ ð0; 1,0Þ. The transformation matrix
from ðA,B,CÞ to ðX,Y,ZÞ, T R-I , is obtained by multiplication of the
transformation matrix in Eqs. (9) and (13): T R-I ¼ T s-I T R-s .
The structural velocity of the center of the blade area can be
I

~ ¼V
~ G þ T s-I ðo
~ G is the linear
~t  r
~G =Gs Þ, where V
expressed as: V
GR
s
s
R
velocity of Gs in the inertial coordinate system ðX,Y,ZÞ:
~ G ¼ ðX_1 , X_2 , X_3 Þ and the distance between GR and the center of
V
s
the hub is neglected. Projections of the wind velocity and
structural velocity along the B-axis are obtained by dot product:

1

R
~
F wind
F wind ¼ T R-I ~

ð20Þ

R
~ wind ¼ r
~GR =Gs  ~
F wind
M

ð21Þ

where

R
~
F wind

is

the

wind

force

in

the

ðA,B,CÞ

system:

R
~
F wind ¼ ð0,F b ,0Þ. The aerodynamic torque is modeled as a constant using rated power divided by rotor speed, which is added to
the wind moment.
Similar to the calculation of restoring forces, wave forces are
computed in the ðX,Y,ZÞ coordinate system and then decomposed
into the ðxs ,ys ,zs Þ system to compute the moments. The generalized Morison equation is used to calculate the wave forces per
unit length normal to the axis of the leaning cylinder (e.g.,
Sarpkaya and Issacson, 1981)
I
p ~_
p 2 ~_ 1
~
f n ¼ C m r D2 V
rC DV~ rt 9V~ rt 9
n C a r D V t þ
2 d
4
4

ð22Þ

where r is the density of sea water; D is the local diameter of the
hull; Cm is the inertia coefﬁcient; Ca is the added mass coefﬁcient,
and Cd is the drag coefﬁcient. All velocities and accelerations are
~_n is the normal
normal to the central axis of the tower: V
_
component of wave acceleration; V~t is the normal component
~ rt is the normal velocity of the water
of structural acceleration; V
particle relative to the cylinder. The term associated with Ca in Eq.
(22) is usually considered as the added mass. Hydrodynamic
damping is included considering the relative velocity in the drag
force calculation. Use of the Morison equation implicitly assumes
the body has a negligible effect on the incident waves, which is
reasonable here because the hull structure is relatively slender.
Also, as is conventional for use of the Morison equations, dynamic
pressures along the axis of the cylinder are neglected.
A unit vector along the central axis of the tower is needed to
I
t
deﬁne the normal direction of kinematic vectors, i.e. ~
e 3 ¼ T s-I~
e3,
t
where ~
e 3 is a unit vector along centerline of the tower in the
t
ðxt ,yt ,zt Þ system, i.e. ~
e 3 ¼ ð0; 0,1Þ, and is transformed to the ðX,Y,ZÞ
system. Thus, the normal component of water particle acceleraI
I
~_n ¼ ~
~_  ~
~_ is the wave
tion can be expressed as: V
e  ðV
e Þ, where V
3

3

0.8

acceleration vector in the ðX,Y,ZÞ system. The structural velocity
and acceleration of the segment along the tower can be obtained
by the kinematics of rigid body

0.7

~ G þ T s-I ðo
~t  r
~i=Gs Þ
V~t ¼ V
s

ð23Þ

_
~_ t  r
~ t  ðo
~t  r
~i=Gs þ o
~i=Gs Þ
V~t ¼ ~
a Gs þ T s-I ½o

ð24Þ

0.9

Thrust coefficient CT

~I
~ I ~I
~I
~I
Vw ¼ V
wind  u B and V b ¼ V GR  u B , in which V wind is the wind
velocity in the ðX,Y,ZÞ system. The amplitude of relative velocity
in Eq. (19) is obtained by V rb ¼ V w V b . Finally the wind force in
the ðX,Y,ZÞ system and the wind moment in the ðxs ,ys ,zs Þ system
are expressed as

0.6
0.5

~ G and ~
a Gs are the linear velocity and acceleration of the
where V
s
CM of the system, Gs, in the inertial coordinate system ðX,Y,ZÞ;
~i=Gs is the vector radius from Gs to the segment with unit length.
r
~ rt , is
The wave kinematic velocity relative to the moving tower, V

0.4
0.3
0.2

I
I
~r  ~
~ r is the relative velocity
~ rt ¼ ~
e 3  ðV
e 3 Þ, where V
expressed as: V
~ V
~t ,
~r ¼ V
of the wave to the segment of the submerged tower: V

0.1
0
0

5

10
15
20
Relative wind speed Vrb(m/s)

25

30

Fig. 3. Thrust force coefﬁcient as a function of relative wind velocity (Nielsen
et al., 2006).

~ is the wave kinematic velocity in the ðX,Y,ZÞ system.
in which V
The wave force on the cylinder, ~
F wave , is obtained by summing the
force on each segment from Eq. (22). The wave moment in the
ðxs ,ys ,zs Þ coordinate system can be computed by transforming the
resulting forces from Eq. (22) into the ðxs ,ys ,zs Þ system and then
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~i=Gs  ~
ðr
f n Þ dr

ð26Þ

s
I
f n.
where ~
f n ¼ T I-s~

6. RNA moments and gyroscopic moments
Computation of the RNA moments and gyroscopic moments is
not necessary to simulate the global motions of the tower. However,
these internal moments between RNA and tower, especially gyro
moments, are a signiﬁcant concern in design, and can be calculated by application of the Euler dynamic equations about the
rigid body RNA
_
_
~R ¼ H
~ R ¼ ðH
~R Þ þ o
~R
~n  H
M
GR
GR ABC
GR

ð27Þ

where the angular momentum of the RNA is decomposed to the
~ n ¼ ðon,A , on,B , on,C Þ and can
ðA,B,CÞ system with angular velocity o
R
_ Þ,I o . The reaction
~ ¼ ½IA on,A ,IB ðon,B þ c
be represented as H
C n,C
GR
P~
moments of
M R are deﬁned as RNA moments applied by RNA
on the top of tower ðMRNAA ,MRNAB ,MRNAC Þ. The gyro moments
are that part of the RNA moments resulting from the time
derivative of angular momentum associated with the spinning
rate in Eq. (27). If the ðA,B,CÞ system is used to decompose the
angular momentum of the gyro, the absolute time derivative is
~_ gyro ¼ ðH
~_ gyro Þ þ o
~ gyro , where the angular momentum
~n  H
H
GR

GR

ABC

GR

related to spin can be expressed in the ðA,B,CÞ system as
_ ,0Þ. Thus, the time change of the amplitude of this
~ gyro ¼ ð0,IB c
H
GR
~_ gyro Þ , is zero
angular momentum within the ðA,B,CÞ system, ðH
GR ABC
for constant spinning rate. Further, the gyro moments applied by
the RNA on the top of the tower are
2
3
_o
IB c
n,C
6
7
~ gyro 6
7
~
0
ð28Þ
M gyro
GR ¼ o n  H GR ¼ 4
5
_
I c o
B
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The gyro moments have non-zero components in the A- and
C-directions, both of which are perpendicular to the spin vector
along the B-axis. The cross product in the equations of motion
results in the transfer of angular momenta between the A- and Cdirections. The angular velocity of the nacelle of a rigid bottomﬁxed wind turbine is always along the C-axis and equal to the yaw
rate, oyaw . In this case, the gyro moments can be reduced to
_ oyaw ,0; 0Þ, which is the conventional expression for gyro
ðIB c
moment in nutation (Henderson and Cheng, 2002). The angular
velocity of the nacelle for a ﬂoating wind turbine also has a nonzero component in the A-direction, which results in a component
of gyro moments in the C-direction and proportional to the
angular velocity of the nacelle along the A-axis (Eq. (28)).
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Fig. 4. Rotation comparison.
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~ wave ¼
M

rad

r

Z

mooring system of OC3 Hywind is simpliﬁed by using two linear
springs with stiffness equal to 5  104 N/m in the surge and sway
directions such that it could be modeled in both FAST and the new
method for veriﬁcation. A truncated cylinder model is developed on
the basis of OC3 Hywind. The new model has the subsurface buoyant
cylinder truncated to reduce the available hydrostatic restoring
moment, effectively allowing larger pitch angles. This second model
demonstrates the new method for large-amplitude motion. The RNA
for each model is based on that of OC3 Hywind: the moments of
inertia of the RNA about the ðA,B,CÞ coordinate system are
IA ¼2.35  107 kg m2, IB ¼4.37  107 kg m2, IC ¼2.54  107 kg m2; the
rotor speed is 12.1 rpm. The submerged length of the truncated
model is reduced from the 120 m of OC3 Hywind to 72 m. The tower
between the hull and RNA is based on OC3 Hywind and treated as a
rigid body and its moments of inertia are combined with those of the
hull: 3.57  109 kg m2 and 9.28  107 kg m2 in the tilt (roll and/or
pitch) and yaw, respectively. The four taught-leg mooring lines are
each assumed to be a straight axial spring with stiffness of
3.37  105 N/m and length of 295-m in a 320-m water depth location.

rad

numerically integrating over the submerged length of the tower
Z
I
~
f n dr
ð25Þ
F wave ¼ ~
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Two different support-structure designs are used to demonstrate
the new method. First, the OC3-Hywind model (Jonkman, 2010) is
used to verify the new method presented here by comparison with
the popular wind turbine dynamics software FAST (Jonkman, 2007)
for a small-amplitude motion case. The OC3 Hywind is a conceptual
design of the Hywind system developed to support the NREL 5-MW
wind turbine. This design is stiff in pitch rotation and provides a
realistic benchmark case against industry-standard software. The
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Fig. 7. Translational motion without nacelle yaw.

7.2. Forced vibration without nacelle yaw
Figs. 7–9 show results for the more compliant truncated spar
model in a large-amplitude forced-vibration case. Environmental
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Figs. 4–6 show the comparison of time histories from FAST and
the method presented here for a small-amplitude free vibration
case including blade spin but no nacelle yaw. Here both hydrodynamics and aerodynamics have been turned off in FAST. The only
external forces acting on the body are from the mooring lines and
buoyancy, both of which are represented simply in the user-deﬁned
subroutine (UserPtfmLd) as a 6  6 restoring matrix, in FAST.
Stiffness values are linearized to be consistent with the method
presented in Section 4 and tuned to reproduce the correct natural
frequencies. The initial conditions of FAST are prescribed as roll
equal to 0.1 rad, pitch equal to 0.1 rad and sway equal to 0.5 m with
respect to a reference point on still water level. The Euler rotations
are roughly equivalent to roll, pitch and yaw in FAST for smallamplitude rotation (Abkowitz, 1969). Rotational results in FAST are
deﬁned about the inertial reference frame and superimposed. The
small-amplitude assumption leads to a nearly orthogonal transformation matrix, which is corrected by Frobenius Norm to guarantee
its orthogonality (Jonkman, 2007), while the new method does not
need any correction in terms of the superposition of rotational
motion. It can be seen in Figs. 4–6 that both the motions and
moments from the new method match the results of FAST very well.
One inconsistency between the models is that FAST considers
relative motion within the RNA while the new method considers a
uniﬁed RNA with a single spin rate. In Fig. 4, the yaw motion results
from excitation by the gyro moments along the centerline of the
tower. The translation shown in Fig. 5 is measured from the
reference point on still water level, the origin of ðX M ,Y M ,Z M Þ system.
In Fig. 6, the RNA moments are compared to the internal moments
in the tower-top coordinate system located at the yaw bearing in
FAST, which is similar to the ðA,B,CÞ coordinate system in absence of
nacelle yaw, located at the center of the RNA. Figs. 4–6 show good
agreement for this small-amplitude case and agreement improves
for decreasing amplitudes. The next two example cases are for largeamplitude motion of the truncated spar model.

0
−0.2

X6 (rad)

7.1. Free vibration veriﬁed by FAST

X4 (rad)

Fig. 6. RNA moments comparison.

0.2
0
−0.2

Fig. 8. Rotational motion without nacelle yaw.

loading is computed using irregular winds and waves along the
negative direction of the Y-axis. The mean wind velocity at hub
height is 18.2 m/s. Irregular wind velocities are simulated using
TurbSim (Kelley and Jonkman, 2008). The wave environment is
represented by a JONSWAP spectrum with a signiﬁcant wave height
of 5.0 m and peak period of 10 s. Wave forces are computed using
the Morison equation from a ﬁrst-order time-domain representation
of irregular waves simulated directly from the wave spectrum using
a uniform phase distribution. The inertia coefﬁcient Cm in Eq. (22) is
assumed to be 2.0; the added mass coefﬁcient Ca is assumed to be
1.0; the drag coefﬁcient Cd is assumed to be 0.6. Figs. 7–9 show the
6-DOFs motions of the tower and gyro moments without consideration of nacelle yaw, i.e. without relative motion between the nacelle
and the tower. In Fig. 7, the translation of the tower is measured
from the CM of the entire wind turbine system, i.e. the origin of
ðX,Y,ZÞ system in Fig. 1. The nonzero mean of X2 results from the
surge motion in the wind direction. Fig. 8 shows 1-2-3 sequenced
Euler angles X4, X5 and X6, which describe the large-amplitude
rotational motion of the tower. The gyro moments shown in Fig. 9
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Fig. 11. Rotational motion with nacelle yaw.

x 106

6
4
2
0
−2

X2 (m)

0

100 150 200 250 300 350 400 450 500
Time (s)

5
0
−5

5
0
−5
−10
−15

0

0

X3 (m)

50

MgyroA (N.m)

Nacelle yaw period

50

100 150 200 250 300 350 400 450 500
Time (s)

5
0
−5

0

50

100 150 200 250 300 350 400 450 500
Time (s)

5
MgyroC (N.m)

X1 (m)

Fig. 9. Gyro moments without nacelle yaw.

7.3. Forced vibration with nacelle yaw
Figs. 10–12 show results for the same compliant spar model
and the same wave conditions as the previous case, but with a
sudden wind-shift imposed to show the effect of nacelle yaw. The
wind direction is along the negative direction of the Y-axis during
the ﬁrst 100 s and then rotates by p=4 rad toward the negative
direction of the X-axis in the XOY plane to simulate the sudden
shift. The yaw rate of the nacelle is 0.31/s. The wind shift causes
the yaw control mechanism of the nacelle to activate at 100 s and
deactivate at around 250 s. Fig. 10 shows the translation of the
tower measured from the CM of the entire system. The amplitude
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Fig. 10. Translational motion with nacelle yaw.

are signiﬁcant and cannot be ignored in the design. Different from
the bottom-ﬁxed wind turbine, the gyro moment in the A-direction
still exists due to the self-rotation of tower about its centerline even
in the absence of nacelle yaw. The gyro moment in the C-direction
results from the angular velocity of tilt motion, and has the same
frequency as X4. Thus, the frequency of gyro moment is relevant to
the frequency of motion of the tower and further depends on the
frequency of environmental forcing.

100

Fig. 12. Gyro moments with nacelle yaw.

of X1-direction motion increases because the new wind direction
results in a larger wind force in the sway direction. Similarly, the
Euler angle X5 increases as shown in Fig. 11 after the wind
direction changes. Comparison of Figs. 12 and 9 indicates the
nacelle yaw does not signiﬁcantly change the amplitudes of the
gyro moments. These yaw-induced moments are relatively small
because the yaw rate is much smaller than the angular velocity of
self-rotation of the tower about its centerline.

8. Conclusions
A new method has been developed to directly apply Newton’s
second law of the system and the theorem of conservation of
angular momentum to an entire ﬂoating wind turbine system
including RNA and tower, resulting in a new formulation to
simulate translation and large-amplitude rotation of the system.
Motions of an 8-DOFs system are represented as six EOMs of the
tower. The 1-2-3 sequence Euler angles are introduced to describe

164

L. Wang, B. Sweetman / Ocean Engineering 42 (2012) 155–164

the rotation of the tower and the transformation matrixes
between various coordinate systems. The restoring forcing and
environmental forcing are calculated by considering nonlinear
coupling among translational and rotational DOFs. Further,
motions and external forcing are transformed at each time step
between different coordinate systems. The fully nonlinear coupling between external forcing and large-amplitude motion of the
system is also preserved. The new method is veriﬁed by comparison with the well-known software FAST for a small-amplitude
case, for which the nonlinear coupling effects are small. Simulation results in terms of 6-DOFs motions of tower and gyro
moments for the ﬂoating wind turbine with large-amplitude
motions are also shown. A major strength of this new method is
that it can be readily expanded to a large number of rigid bodies
as long as the relative motion between contiguous bodies is
explicitly deﬁned. The decoupling of translational and rotational
accelerations also dramatically increases the efﬁciency of numerical integration.
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