
XIII MATHEMATICS OLYMPIAD  
AT TEXAS A&M UNIVERSITY AT GALVESTON 

 

Please write down a complete mathematical proof. Calculators, 
phones, computers and any electronic devices are not allowed. All 
students are held to the highest standards of TAMU ACADEMIC 
HONESTY. Read all problems first, and start with the one which 
seems the easiest. This is the best practice. Some problems are on 
the back of this sheet. If you do not understand something, you can 
always ask for a clarification from some of the faculty present. 

 

Problem #1.  Let 1, 𝑞𝑞, 𝑞𝑞2,𝑞𝑞3, … , 𝑞𝑞𝑛𝑛, …be an infinite geometric progression 
consisting of integers in which every number is obtained by multiplying 
previous number by an integer 𝑞𝑞, where 𝑞𝑞 > 1. Prove that for any integer 𝑝𝑝,  
𝑝𝑝 > 𝑞𝑞, the remainders of the numbers of this progression after dividing each 
one by 𝑝𝑝, repeat periodically. This means that there exists an integer 𝑑𝑑 such 
that for all 𝑛𝑛  𝑞𝑞𝑛𝑛+𝑑𝑑 − 𝑞𝑞𝑛𝑛 is always divisible by p. 

 

Problem #2. Prove that if 𝑝𝑝 is a prime number > 3 then the following sum 
12 + 22 + 32 + ⋯+ (𝑝𝑝 − 1)2 is divisible by 𝑝𝑝. 

 

Problem #3.  Let 𝑀𝑀 be a set of points on the plane, such that every 4 points 
lie on some circle. By a circle we mean the set of points on a plane 
equidistant from its center. Prove that all points of 𝑀𝑀 lie on the same circle. 

 



Problem #4. Let 𝑚𝑚 be any integer > 3, prove that  the number  𝑚𝑚6 − 1 has 
at least 16 different integer dividers. 

 

Problem #5.  Find all three digit numbers 𝑚𝑚, such that any positive integer 
power of 𝑚𝑚,  𝑚𝑚𝑘𝑘 , is such that its last three digits form the same number 𝑚𝑚. 

 

Problem #6. Divide 𝑎𝑎2𝑘𝑘 − 𝑏𝑏2𝑘𝑘  by (𝑎𝑎 + 𝑏𝑏)(𝑎𝑎2 + 𝑏𝑏2) … (𝑎𝑎2𝑘𝑘−1 + 𝑏𝑏2𝑘𝑘−1) 

where 𝑘𝑘 is an integer >3. 

 

Problem #7. Describe the set of points in the three dimensional space such 
that the sum of their distances from the two given planes A and B is a 
constant 𝑘𝑘. 

 

Problem #8. Given a plane P in a three dimensional space and a point M on 
P, describe a set of points X in this space such that a ratio of the distance 
from X to M and the distance from X to P is equal to a fixed positive number 
k.  

This means (distance from X to M)/(distance from X to P) =k 

 

Problem #9. Let 𝑏𝑏1,𝑏𝑏2, … , 𝑏𝑏𝑛𝑛 be the roots of polynomial 

 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛 + 𝑎𝑎𝑛𝑛−1𝑥𝑥𝑛𝑛−1 + ⋯+ 𝑎𝑎1𝑥𝑥 + 𝑎𝑎0. 

What are the roots of the polynomial 

𝑎𝑎0𝑥𝑥𝑛𝑛 + 𝑎𝑎1𝑥𝑥𝑛𝑛−1 + ⋯+ 𝑎𝑎𝑛𝑛−1𝑥𝑥 + 𝑎𝑎𝑛𝑛. ? 
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